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MATHEMATICS

THE NORTH SEA PROBLEM. V
FREE MOTIONS OF A ROTATING RECTANGULAR BAY 1)

BY

H. A. LAUWERIER

(Communicated by Prof. J. F. Koksma at the meeting of June 25, 1960)

1. Introduction

This paper is a sequel to N.S.P. IV. The free motions of a rotating
rectangular bay are studied with special reference to the North Sea.
In particular it will be studied what happens if there is a small coefficient
of friction 4 and if the coefficient of Coriolis £ is not small. The notation
is that of the previous paper. The bay is determined by 0<zx<x and
0 <y <b in dimensionless Cartesian coordinates. The side y =56 represents
the open end at the ocean.

In view of the considerable theoretical difficulties of the general case
we have restricted ourselves to the discussion of the lowest eigenvalues
with the assumption that b is large. Luckily enough the value of b =2xn
for the North Sea case may be considered as very large. Further we have
considered those free motions which are integrable along the ocean
boundary and to which consequently a finite “‘energy integral” may be
associated. It appears that for 450 only the corner (=, b) 1s a singularity.

The pilot model of an infinitely wide bay which is discussed 1n section 3
suggests for the North Sea model the existence of a double infinity of
triples of eigenvalues. Kach triple consists of a negative real eigenvalue
(pure damping) and two conjugate complex eigenvalues with a negative
real part (damped oscillation).

In section 8 it is shown that for large b the lowest eigenvalues can be
obtained from an equation which involves two unknown functions A(x)
and B(x). These functions can be determined from a set of orthogonality
relations and they are discussed in the sections 6 and 7.

It is shown in section 9 that there exists a small negative real eigenvalue
which for the North Sea model i1s about —0.074.

If, however, A=0 there are only purely imaginary eigenvalues 1w.
Then there are no eigenvalues in the interval 0<|w| <. The lowest
eigenvalues of the North Sea model are very near to - iQ.

2. The mathematical problem

The free motions

(2.1) w=1(z, 1y)ert, v="o(x, y)ert, {=/_(x, y)ePrt
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Vo y - b oare determined by the equations

0 for »r-0 and x- .

We note that the variables and constants are dimensionless and that
they are identical with those of the preceding paper (cf. IV 2.2). In
the numerical application to the North Sea case we shall take

9 4 b () .- 06 70,12
(2.4) ) o £2 = 0t A L N

Inly those free motions will be considered for which the ‘“‘energy

integral” is finite, i.e.

b S
(2.5) { [ @aa*  88% 0% dae dy -
O o
From the equations (2.2) there follows
(2.6) Re{(p + A)(@a* + 65*) + a*ly + 6*Cy) = 0.

Integrating this result over the rectangle 0 <x<m, 0<y-.b we obtain
by also using the boundary conditions (2.3)

% b o I
(27) Rel(p ) [ (@n* o ) dedy - [ [ (@0 15,78 dx dy} -0,
0 0 0
In view of the continuity equation we obtain
0

7 S
(2.8) {Re(p  A)} j f (@a* - #5*)daedy + {Re p} [ [ {C* dae dy = 0.

b
0 O

Hence the admissible eigenvalues are situated in the strip

From the equations (2.2) we may &wive the following results
(cf. T 2.11 sqq.)

(2.10) (4 —32)d =0, (A—3x2)5=0, (4-=2)F=0,
where

D o def P .
(2.11) 2= p(p i A) -+ Qpl(p+ A,



and (cf. 1 2.18)

(2.12) o : .

829" oD = —(Coy —tg ylz)
where
(2.13) tg v 2= Q(p + A)-L, 0 =< Rey < ia.

3. The free motrons of an infinitely wide bay

As a pilot model of the rectangular bay O<x <=, 0<y<bd we shall
consider the strip — oco<x << oo, 0 <y <b where y=0 1is a coast and y=>
an ocean boundary. We shall consider only those free motions which

do not depend on the variable x. Then the Helmholtz equations (2.10)
reduce to simple ordinary differential equations e.g.

| N __
e a2 —
(3.1) (dyz <) £ = 0,

with the boundary conditions

| ¢
3 9 — ) anane
(3.2) 5 0 for y =0,
and
(3.3) [ =0 for y=2>.
The free motions have the elementary form
(3.4) [ = cos (2n - 1) g%,

where n=0,1, 2, ... .
The eigenvalues follow easily from (3.1) viz.

, 02 P _ ki
(3.5) p(p+2A) + 0 ey i (2n+1)2 .

For each value of n there are consequently three eigenvalues, one real
and negative and two conjugate complex with a negative real part.
For 2=0.6 and A=0.12 the first few eigenvalues are

n = (0 —0.0173 —0.111 4+ 0.6491
n=1 —0.0730 —0.084¢ -+ 0.9581

We note that the lowest real eigenvalue is very small, which corresponds
to a slow aperiodic damping.
For Q=0 the equation (3.5) reduces to one of the second degree

o

o5 JU

(3.6) pp-+3) = — (n+ 12 3;

e

r

with for each Integer » a conjugate pair of complex eigenvalues. Also
for A=0 the degree is lowered. Then we have

(3.7) p? = — Q2+ (n+ 32 35

with two purely imaginary eigenvalues for each n.
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If we write p=iw we may write (3.7) in the form

| 2\ %
(3.8) W = {..Q-?- - (m -+ 3)3 75
This means that the presence of the Coriolis force 2 tends to increase
the eigenvalues w when considered as a function of (2. Moreover there
are no eigenvalues i the range (—£2, {2).
It is conjectured that the same features hold for a rectangular bay.

The following tentative statements will be made

1. The eigenvalues of a rectangular bay appear in groups of three, one
real and negative, two conjugate complex with a negative real part.

2. For A=0 there are no eigenvalues in the interval (—Q, 2) other than
the trivial one at the origin.

3. The “lowest” eigenvalue of the North Sea is real and negative.

4. The free motions for =0
a. It 1=0=0 the problem reduces to

(4.1) (A=p?) =0

with

(4.2) -g-g = () tor x = 0 and x = 7,
(4.3) g% —0  for y =0,

(4.4) F = for y = b.

The free motions have the elementary form (cf. 3.4)

o Yy
(4.5) C = cos ma cos (2n-+1) 53,

-

where m and n are arbitrary integers. The eigenvalues are (cf. IV 6.18).
(4:.6) D = ~f- i{ma . (/n - %)2%2/62} 2

The lowest eigenvalue, for which m=n=0, is

17T

The corresponding mode is

“ ‘. TTY 1ot
(4.8) G = COS 57 eXP £ 5.

With the North Sea data of b=2n and a time scale of 1.4 hour the main
free period is accordingly about 35 hours.

b. 1f =0 and 2#0 the equation (4.1) must be replaced by
(4.9) (A—q2) [ =0,
where

(4.10) % == p2 -+ Ap,
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but the boundary conditions (4.2), (4.3) and (4.4) remain the same. The
free motions (4.5) also remain the same but the eigenvalues are now

(4.11) pm—-—%ﬂ:ti{wﬁ }—Wmilﬂ}&
It follows from this expression that for A <x/b all modes are oscillatory
with a small damping term. For the North Sea this inequality certainly
holds. In the theoretical case Az==x/b the first few modes would be
aperiodically damped motions.

The lowest eigenvalue is here

2 A%
(4.12) p=—11+}i (g_mz)

5. The free motions n the general case
The free motions in an Infinite channel bounded by =0 and z==n

are (cf. IV section 3).
a. two Kelvin waves

gfz?i,:—-:()

(5.1) z o=pt exp + {s(x—in)—qy]

b. an infinity of Poincare waves

g @ = (n2 -+ s2) sin nx exp -+ vay

(5.2) ! P=mnvy (COS NX -+ &y SIN NX) €XP -+ VuYy
8 7o (p+ A)n (cos nx -4 Bn SIN NX) exp 4 vaYy
for n=1, 2,3, ...,
and where
(5.3) s2 £ Q2p(p 4 )71,
(5.4) ’Vn?" ?_-% n2 -+ %2:
Q
(5.5) Xn S'l—"—-%g 3;)72, .
- ﬂ_e_f -Q’Vn
(5.6) fn = rEwIE

The free motions in the rectangular bay O<z<=m, 0<y<b can be
represented as a linear combination of the Kelvin and Poincaré waves

in the following way

o0
S = > nly,~l (n2-s2) U,sinnz e+
n =1

(5.7)

| OO
S w1 vt (n2 - 8%) Dy sin mar o0,
ne=1
g D = Qﬁ‘(p __I_.A)“'"é.: () es(mﬂggﬂ)-ﬂd?/mp-&(pmi_l)m% D ems(wmén)m(}(b-—"‘y) -
(5.8) . 00 ' 0 _, :
+ 3 Cp(cos na + oy sin nx) e "2V + 3 Dn(COS N — &y SIN NT) R

Mn==] 9 == 1
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C - (;f es(a:-—-%n)mqy _+_ D 6“3(133"_%:31)*"([(0“‘1/) _+_
OO

+A) v, Oy (cos nx + B, sin nx) ¢ ™Y -
(5'9) | Z (p { ) n Jn( ﬁn )

T == ]
m ' * .
— > (p+A) vyt Dy(cos nx — By sin nx) e "0V,
n == 1

We have still to satisfy the conditions at y=0 and y=050. The coast
condition at y=0 gives

o0

(5.10) C'n(cos nx + oy SIn nx) = (),
1o ]
where _
g p(x) = — pHp+A)~ 10t iM 4L pip+A) 72 D e s@mim—db
(5.11) . N ’
( — > Dy e b (cos nx — xy SIn nx).
n=1

The ocean condition at y=6 gives

00
(5.12) 2 (p -+ A) vy=t Dp(cos ne -, sin nx) = p(x),
T =]

where

g w(w) — O es(m“%ﬂ)“(]b + D 6“8(33‘""&"75) ___I___
(5.13) 0 | |

( 4 Y (p+4) vyt Oy e (cos nx + By, sin nzx).

\ n==1

The coast condition (5.10) will be discussed in section 6. 1t turns out
that there exists an orthogonal function A(x) satistying

(5.14) i f A(z) (cos nx + oy sin nx) dx = 0
0
for n=1,2. 3, ... and
(5.15) ;—Ef A(x) dx =
0
Then it follows from (5.10) that

(5.16) f A(z) o(x)dx = 0.

Further for n —-oo the coefficients C, are of the following order
(5.17) Cp=0(n"2).

T'he ocean condition will be discussed in section 7. It will appear that
there exists an integrable orthogonal function B(x) with

(5.18) 51; f B(zx) (cos nx — By, sin nx) dx = 0
0

for n=1,2, 3, ... and
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_ 1
(5.19) };j B(x) dx = 1,
0

except in the case A=0 and |w| <.
Further 1t follows that

(5.20) [ B(x)p(z)dz =0,
0
and that for n — oo
— 1Y ) H
(5*21) Dn = L“W - 0(72/"'"1"""“""""‘7*’/"‘)j

where [’ is a constant.
This result is also valid for A=0 and |w|> 2 when Re y=0. However,
for =0 and || <2 with Re y=3n we have by putting

(5.22) » =12 th 0,
where 0 1s real
(5.23) D, = (— 11 D" n=30 4 D" p20 . Q(n-2),

where D' and D" are constants.
It follows from (5.7), (5.8), (5.9), (5.17) and (5.21) that for 0<Re y<in
the elevation ¢ is uniformly bounded in the rectangle 0 <z <m, 0 <y <bd

but that the stream #, ¢ has a singularity at the ocean corner (mz, b) of
the following kind

(5.24) (Ra* +00%)t = O(r—2/7),

where r denotes the distance {(mw—x)2+ (b—1y)2}*.

If Re y=0 the right-hand side of (5.24) must be replaced by O(In r),
if Re y=3n by O(r-1).

It follows that the energy integral (2.5) is finite except when Re y = 3,
i.e. when 1=0 and —Q<w<2.

6. The coast condition

In this section an orthogonal function A(x) will be determined which
satisfies (5.14) and (5.15). Let us assume the existence of the following
expansion

0
(6.1) 1 = D ay (sin nx + xp COS NX), 0 <& <,
n=1

then it can easily be shown that

o0 -e
(6.2) Ax) = > apsinnxr =1 — > oy @y COS NI

The proof follows from observing that for a, the following two expressions
hold
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7T

G'.) ~
b
L

(6.3) Ap = = J A(x) sin nx dx
()
and
JL
2 |
(6.4) —Xnplp = — J A(x) cos nx dx.

0

Elimination of a, gives (5.14). The relation (5.15) follows at once from (6.2).
From (6.1) and (6.2) an integral equation for A(x) can be derived.
By using (6.3) we have

JT
C) ~

(6.5) 1 = A(x) -+ Z Xn ;_-E-J cos nx sin n& A(&) dé,

N =1
0

which may be written in the form

7T

(6.6) A(x) - -_;1-5 f Kz, &) A(&) dE = 1,
)
where
(6.7) K(z, &) = > ap{sinn(x+§&) — sin n(x—&)1,
n==1

The kernel function is apparently continuous and uniformly bounded
in the square 0=z, £<n. Hence (6.6) represents an ordinary Fredholm
equation. The existence of A(x) is eventually secured by (6.6).

It follows from (6.6), (5.4) and (5.5) that A(x) can be considered as a
function of the two parameters pQ2 and »2. We shall now derive an
expansion of A(x) for small values of pfQ.

We put
(6.8) A(x)=1+pR AN () +p2 22 A®@ (x)+ ...

Then it follows from (6.5) that

T

AW (x) = — 2 > —_ cos n f sin né dé,

T Ny .
or :
6 9 YR COS NI

where »; denotes a summation over the odd indices 1, 3,5, ....
For A®(z) it can be derived that

6.10 @) () = I'mn | cos na
( ) 4 () 7T 22 {zl m‘zvm} nv,
where

(6.11) . I g; f cos mx sin nx dz,

0
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and where 22 denotes a summation over the even indices 2, 4, 6, ...
The explicit expression of 17,, is

4 4 7
(6.1.2;) an — - ...............}}_......_.,

“)

TN — =’

if m and n have the same parity, otherwise I7,, - 0.

7. The ocean condition 1)

We repeat the ocean condition (5.12)
x

(7.1) 2 (p+2) vyt Dy (cos nx — B, sin nx) = p(x), 0<x<m,

n=1

where p(r) may be considered as a given function.

By changing x to —x this can be written in the standard form (see
LAUWERIER [1] section 5).

O
(7.2) z bn (Sill nx ““"‘{"‘“‘ On CON nill?) R f(.x).,
T |
where
, 2\ - &
(7.3) 0, = cotg (1 - ;‘;)

with 0= Re y = 3.
The properties of the expansion (7.2) are as follows.
Unless Re y =37 there exists an orthogonal function [p(x) such that

(7.4) fn lo(x) (sin nx 0, cos nx) de = 0
0
for all n.
If
(7.5) [ lo(x) f(x) dx = O
0

the expansion (7.2) is possible and the asymptotic behaviour of the
coefficients b,, 1s as follows

(7.6) by = —b 4 O(n—2-27),

N2 2y/n

provided Re y> 0.
For the condition (7.1) this means that B(x) exists for Re y+#in and

that for n — oo.
(7.7) p, = U2 gt

where D' 1s a constant.
If Re y=3n we may put

i TR — Py il gl

1) Cf. also the corresponding section In N.S.P. 1I.
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where 0 is real. In that case there is no integrable orthogonal function
and the expansion (7.1) would give

(79) -l-)n e (.m.... 1)72*-1 1)’ nw—ziﬁ/n *"I"D” n?*iof’”+ O(n“’z),

where [)' and D" are constants.
We note that the relation (7.8) is equivalent to

(7.10) p= —A+iQ th 6.

It follows from the discussion at the end of section 5 that free motions
with a characteristic value determined by (7.10) have non-integrable
singularities in both ocean corners. Therefore they do not belong to the
class of free motions which are considered here.

The remaining part of this section will be devoted to the determination
of the orthogonal function B(x) in some special cases. As in the previous
section B(x) 1s also determined by the expansion

(7.11) I = » by, (sin nx— B, cos nx), O<x <.
mn =]
We have
o0 o0
(7.12) B(x) = > bpsinnx =1+ B,b, cos nx.
Ne==1 n=1

In view of (5.6) B(x) can be considered as a function of the independent
parameters tg y and x»2. We shall first assume that tg y is small so that
B(z) can be developed in the following power series

(7.13) B(x) =1+ tg y BO(z) + tg2 y B () + ...

In a completely analogous way as in the case of A(x) it can be derived that

4 n
(7.14) BW(x) = - > ;—-1;-5 COS NI
and
(7.15) B@(z) = — ; >, {21 --;’3-; Tmn} % COS n.

Next it will be assumed that x2 is small and that B(x) can be developed
as follows

(7.16) B(x) = Bo(x) + %2 By(x) + 0(x4).
It follows from (5.18) and (5.19) that

JU

f Bo(x) (cos nx—tg y sin nx) dx = 8,,,.

0

Hence we have in view of II (4.11)

(7.17)

S|

(7.18) Bo(x) = cos p (tg ix) 2/,
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The following term can be derived from (7.11) and (7.12).
By putting

( i | ] | . %3 l
and
_ | ) .
(7.20) by = cotg y e, (,_;I?..’_) 4+ 3620, 1 O(d)
it follows that
(7.21) 5 cos y n—=2 e, (?7) cos nr = » b, sin (nx—y)
7 =] |
and
(7.22) Bi(x) = > b,1 sin na.

0 == ]

This problem may be solved in the following way. The set of
biorthogonal functions k£, (x) with respect to sin (nx—y), m,n=1, 2,3, ...,
is determined by (see LAUWERIER [1] section 3).

2 :
(7.23) - f km(x) cos (nx +y) dx = Omn.
0

The functions kp(x) can be derived from the expansions

(7.24) cos mx = > by sin (nx—y)

NnN=1

by means of

(7.25) km(x) = D by sin n.
n =1
The explicit form of kn(x) 1s
(7.26) km(x) = — (tg 32)1727 > e j( - —’i?-}-) S11 ).
j=1

These functions are continuous and zero at z=0 and x=um.
Hence it follows easily that

(7.27) Bi(x) = — tcosy D> n2e, (-‘-2'—’-’-) kn(2).

n == 1 &

Hence we have obtained the remarkable fact that Bi(x) is continuous
and zero at xr=0 and x=um.

8. The eigenvalue equation

In view of the considerable complications of the general case we shall
restrict ourselves to the discussion of the lowest eigenvalues for which

Re %2> > — 1.

Moreover it will be assumed that b is so large that the terms with the
exponential factors exp—wvnb occurring in (5.11) and (5.13) can be
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neglected. Then the coast condition (5.10) and the ocean condition (5.12)
may be approximated by

(8 1) g z C*n (G()S ne + xy S111 7’&;17) e p%(pl__ /1) -4 C GS(J;,..._%R) I

and
(8.2) > (p+A) vyl Dy (cos nx—fysin nx) = (' efte M= [) osr=am),
1= 1

From (5.16) and (5.20) it follows that

(8.3) C [t J(x)dxe — e ® D [ e 3@ 4(z)dx = 0,
0 0
and
(8.4) ¢ [ e M B(x)dx+ D [ e ¥ B(x) dx = 0.
0 0

From (8.3) and (8.4) the following approximate eigenvalue equation
follows at once for the lowest eigenvalues

Ay
Ao

B1

- In 5.

(8.5) 20 Yp2+Ap = @1 — In

(8.9) B, ef 1
JC

It is interesting to see what becomes of (8.5) for 2=0. Then it follows
from (6.8) and (7.13) that A(x)=B(x)=1 so that (8.5) 1s equivalent to
(3.6) with n=0 or (4.11) with m=n=0.

We shall now suppose that A=0. Then we may put p=1iw with o> £.
It follows from (5.14) and (5.15) that

(8.10) A(r—x)= A% (x)
and from (5.18) and (5.19) that
(8.11) B(m—x) = B*(x).

Hence we must have 4As=41* and Bs= B;*. In that case the eigenvalue
equation (8.5) becomes

(8.12) bw = 7 —arg A1+ arg b;.
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This relation must be compatible with o~ O whatever (I

. . _ _ arge) value of &
is chosen. In view of the discussions of the sections

6 and 7 this implies that
(8.13) arg B — oo for e — O 0.
In section 10 this case will be considered in detaijl

(8.12) will be studied for small values of 0.
It follows from (8.6) with (6.8) that

Here the equation

SHALPE ] |
(8.14) A, =1 =— — | O(OH
=3 R Vs VW)

since A1 18 an even function of Q. Hence

. 82 1 .M
(8.15) arg A, = — >3 ——— | O(£24),

( 8 1 6) B _ 1 m}m 8i..u.. 2 z ls/ ?,2".‘;3 o (!.)2 | () 04
- L 2 L1 U0 (£27).
and

_. 802 . |mE —a?
(817) &l'g B1 o 5 Zl —"-ml o ot - ()(Q4)

Substitution of (8.15) and (8.17) in (8.12) gives

842> N2 — 2)° N
(8.18) bw = 7 -+ = ———— - O(£29).
= Jt=C0 21 7,4 l; ¥ LA l’.;t)?‘ ( |
If this 1s applied to the rectangular model of the North Sea where b~ 2x

there follows that (cf. IV 7.12).
(8.19) m=1{1-2.02 Q2 0(L24)}.

Hence the force of Coriolis has the tendency to increase the lowest
eigenvalue. However, the North Sea value of £=0.6 is certainly too
large to justify the use of (8.19) since the outcome must exceed the
value of (2.

9. The ergenvalue equation for real megative p
We shall show that the eigenvalue equation (8.5) has a solution for

a real negative value of p. If p is real we may take arg g=args= 3.
Then A4(z) and B(x) are real and A= A1* and B:= Bi*. From (6.8), (6.9)
and (8.6) it follows that
sh 3sm 4ps2 s2eth 4871 )\ L /L0002
(9.]) Al == """""""""""""%""" — {1 “"*'" £ Z]_ YN IV " ()([) “‘?H)'
s 7T n2(1n> -+ 8%)vn

From (7.16), (7.18) and (8.8) it follows that

(92) B, = COS 7Y f oS =37 (tg %.’I’) — 29/ (I 1 0(};’3‘)

7T

0
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If we write ¢ =ip and s=ic so that ¢ and ¢ are positive and real the

eigenvalue equation (8.5) can be approximated by

i A

e 4p02 0® cotg $07 J‘ ol — 371) 10\ —2

(O ¢ e Lo ik atutel 2 s ar e 2 (to Lo YT da.
0

This equation may be reduced to a little rougher approximation by noting
that for large y

o 4
(9.4) arg [ el?®=i7 (tg o)~ dy ~ arg e "™ = — Lon.
0

Further we note that the contribution of the second term on the right
hand side of (9.3) is rather small. Therefore we have approximately

(9.5) bo=47n(1 — o).
For the North Sea case with b=2n, A=0.12 and £2=0.6 the equation
(9.5) gives the real and negative root p= —0.0745.
We note that with this value of p
o= 0.058 g=0.767
tg y=13.2 2y [m=0.95.

The more accurate equation (9.3) gives p= —0.0744.

10. The case A=0 and v — 240
For A=0 the eigenvalue equation (8.5) takes the form (8.12) or

(10.1) bw = 37— arg A+ arg Bj.

For w — Q-+ 0 the orthogonal function A(z) has a limit A'(x) which is
determined by

‘ 1 ’ 2
(10.2) - f A’ (x) (coq nx -+ 1.(22 SN na:) dx = 0
and :
(10.3) - [ A'(2)de = 0.
0
Then also arg 4; has the limit
(10.4) a’rgi f e.Q(:c-“%n) Af(x) dx.
0
It follows from (6.8), (6.9) and (6.10) that
10.5 lir _Sh$ln (L | 4iQ? o Q2cth §0n
( ) mlf};? A $Qn {1 7T 21 n3(n3+Q2)} + O(£29)
or
10. - 8423 1
(10.6) lim arg 4; = — 3, o5+ 0(9).
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We shall write

(10.7) = L2 coth 3n0
so that

(10.8) = — 37l
and

(10.9) w2 = — (2/sh2inf.

It follows from (7.16) and (7.18) that for 0 — oo
(10.10) B(x) ~ chinf (tg Lx)%,

so that B; can be approximated by the expression
(10.11) B(0) = 771 ch 3nb [ e2@—i0 (1o La)i0 gy,
O

We shall then derive an expression for arg $(0). By making the sub-
stitutions

we obtain
e D=1 o — 4782 | l+it>--i.@ T: di
(10.03)  AO) — 2 e~H9 o g [ (LEL) w2t

0

1f next a complex variable z is introduced by means of

(10.14) z=4m-1Int [ =ie~iw,
we obtaln
14+ e—7n0 caw
P — Bu 1 i€2
(10.15) B(0) = S f e (cotg Fw) —,

where the path of integration is the vertical Re z=4m.
For the expression (10.15) we may write for 6§ — oo

ot
6(0) __ ]. —zi:ﬂa J\ eﬁw (_%,_w)”l*“iﬂ {1 “} O(wg)} d?ﬂ,
so that
20)i2 , ;.
(10.16) B(6) = -ﬁﬁi—mq_l@{l + O(6-2)),

from which it follows that

(10.17) B(0) = [(E%gn)% expi{RIn 20 —arg I'(1+1 Q)}:l {1-+0(6-2)}.

Hence we have approximately

(10.18) arg B; ~ Q1In 20 —arg ['(1 +1£0).
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If 2 is very small we have
(10.11) I'(1-+102) = —CL0L -+ 0(£23),
where (' 1s ltuler’s constant 0.5772 ... .
Then (10.1) 1s approximately
(10.12) bw = %+ Q(In 20 +C).

In the numerical case of the North Sea with b=2n and 2=0.6 the
relation (10.12) leads to roughly 6 =35 so that w is unbelievably near to £2.

It may be satfely conjectured that an exact treatment of the eigenvalue
equation must lead to a similar conclusion.
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